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ABSTRACT
We point out that particles accelerated in a non-relativistic shock of compression ratio r attain the
standard, p = (r+2)/(r− 1) spectral index only under certain conditions. Previous derivations of the
spectrum, based on the approximations of spatial diffusion or negligible anisotropy, are shown to be
unjustified for a general scattering function. We explain and demonstrate numerically that in contrast
to previous claims, p can substantially deviate from the standard result for anisotropic scattering. We
prove analytically that the standard approach is nevertheless valid in the limit of an isotropic medium.
Additional spectral modifications, for example by motions of scattering modes at intermediate optical
depths from the shock, are discussed.
Keywords: acceleration of particles — shock waves
1. INTRODUCTION
Diffusive shock acceleration (DSA) is a first-order
Fermi process, believed to be responsible for the produc-
tion of non-thermal, high-energy distributions of charged
particles in collisionless shocks found in diverse astro-
nomical systems. For reviews, see Blandford & Eichler
(1987); Malkov & Drury (2001); Treumann (2009). DSA
is thought to operate in both non-relativistic and rela-
tivistic shocks, the latter being complicated by substan-
tial anisotropy and sensitivity to microphysical processes
(e.g., Bykov et al. 2012; Sironi et al. 2015). We focus
here on DSA in the non-relativistic shock limit, in which
the shock-frame fluid velocity v normalized by the speed
c of light, β ≡ v/c≪ 1, is a small parameter.
Collisionless shocks in general, and their particle ac-
celeration in particular, are mediated by electromagnetic
modes, and are still not generally understood from first
principles. No present analysis self-consistently calcu-
lates the long-term generation of these modes and their
cross-interactions with the multi-phase plasma. One way
to make progress in the study of this non-linear, many
body, and multi-scale problem is to evolve the particle
distribution function (PDF) f by adopting some ansatz
for the scattering mechanism and neglecting wave gener-
ation and shock modification by the accelerated particles,
in the so-called test-particle approximation.
This approach proved successful in accounting for ob-
servations of nonthermal shock signatures. For non-
relativistic shocks, DSA is thought to yield a power-law
energy spectrum, n(E) ∝ E2f ∝ E−p, with a spectral
index
p ≃ p0 ≡
r + 2
r − 1
(1)
that is a function of the shock compression ra-
tio r (Krymskii 1977; Axford et al. 1977; Bell 1978;
Blandford & Ostriker 1978). For a strong shock in an
ideal gas of adiabatic index Γ = 5/3, the compression ra-
tio r→ 4 implies p→ 2, in agreement with observations.
Equation (1) is often used to deduce r — and therefore,
also the shock Mach number — from the particle spec-
trum inferred from observations.
Analytic estimates of p leading to Eq. (1) are typi-
cally based on applying the spatial diffusion approxi-
mation on both sides of the shock, or on approximat-
ing the PDF in the downstream frame as isotropic. In-
deed, spatial diffusion is a good approximation far from
the shock, where gradients become small. Similarly, a
low, O(β) level of anisotropy is expected due to the
small probability of particles to escape downstream of a
non-relativistic shock. Moreover, Eq. (1) was confirmed
by a wide range of numerical (e.g., Ellison et al. 1990;
Bednarz & Ostrowski 1998; Kirk et al. 2000) and semi-
analytic (Keshet 2006) methods.
The standard lore is that the spectrum (1) is guaran-
teed in the test-particle approximation for an arbitrary
small-angle (e.g., Malkov & Drury 2001) or even large-
angle (e.g., Blasi & Vietri 2005) scattering function, in-
dependent of any first order anisotropy pattern that may
emerge (e.g., Vietri 2008). However, the result was not
rigorously proven, to our knowledge, without invoking
spatial diffusion or downstream isotropy, explicitly or im-
plicitly. It is therefore necessary to critically examine
the spectrum in the presence of subtle effects that devi-
ate from spatial diffusion, and taking into account small
anisotropies. Such an examination is needed in order to
determine the circumstances under which Eq. (1) breaks
down, and to rigorously establish it where it holds.
The spatial diffusion approximation is analyzed in §2.
We argue (in §2.1) that deviations from spatial diffusion
in the vicinity of the shock front, where particle stream-
ing and rapid changes in the scattering-mode properties
may become substantial, must be carefully dealt with.
Computing p by applying the spatial diffusion approxi-
mation near the shock front is self-consistent only under
a certain condition (derived in §2.2), satisfied under spe-
cial circumstances such as an isotropic medium.
The general problem of arbitrarily large-angle scatter-
ing is studied in §3. First, we analytically solve (in §3.1)
the simple case of DSA with isotropic scattering, which
was not previously addressed to our knowledge. The gen-
eral case is then analyzed (in §3.2); a modified diffusion
equation is derived, and deviations from the spectrum
(1) are quantified and shown to become substantial for
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sufficiently anisotropic scattering.
Focusing on the limit of small-angle scattering (in §4),
we show (in §4.1) that the shock-front PDF has an
angular derivative that is first order in β even in the
downstream frame, and (in §4.2) that a general O(β1)
anisotropy is sufficiently strong to substantially distort
the spectrum (1). The conditions necessary for the spec-
trum to deviate from Eq. (1) are quantified (in §4.3), and
shown (in §4.4) to be realized for sufficiently anisotropic
angular diffusion. Our results are summarized and dis-
cussed in §5.
2. THE ASSUMPTION OF SPATIAL DIFFUSION
Most derivations of Eq. (1) assume, directly or implic-
itly, that the evolution of relativistic particles around the
shock can be approximated as a combination of advec-
tion and spatial diffusion. Here we discuss this approach,
its underlying assumptions, and its breakdown. An al-
ternative approach, deriving the spectrum by neglecting
the small anisotropy of particles downstream, is deferred
to the study of small-angle scattering in §4.
2.1. Breakdown of spatial diffusion
In the spatial diffusion approximation, one typically
works in the shock frame, where a steady state is assumed
to form. Positing that the particle distribution is nearly
isotropic, it is common to invoke the advection-diffusion
equation
0 =
∂N˜
∂t
+
∂j˜
∂z
= cβ
∂N˜
∂z
−
∂
∂z
[
D(z)
∂N˜
∂z
]
(2)
separately on each side of the shock, and match the solu-
tions at the shock front, Nu(z = 0) = Nd(z = 0). Here,
z is the displacement from the shock, upstream (z < 0;
subscript u) or downstream (z > 0; subscript d), N(z) is
the particle number density, j(z) = −D∂zN is the diffu-
sive particle flux, D(z) is the spatial diffusion function,
and shock-frame parameters are designated by a tilde
(omitted when unnecessary).
Solving Eq. (2) under the constraint that no particles
escape upstream, N(z → −∞) = 0, then implies that the
particle density is uniform downstream, Nd(z) = const.
Under such circumstances, Eq. (1) follows directly, as
shown in several methods (Krymskii 1977; Axford et al.
1977; Bell 1978; Blandford & Ostriker 1978) and repro-
duced below. However, this approach is valid only if de-
viations from the spatial diffusion approximation, which
may become substantial near the shock front, remain
both weak and confined to the close vicinity of the shock,
at distances much smaller than the D/v diffusive scale.
Spatial diffusion is a good approximation only at large
optical depths from an anisotropic source. Defining
τ = τ(z) as the optical depth from the shock front (with
τ < 0 upstream), one can safely invoke spatial diffu-
sion at |τ | ≫ 1. In general, however, the approxima-
tion breaks down in the close vicinity of the shock front,
|τ | . 1, where particles streaming across the shock can
induce anisotropy patterns and spatial gradients that are
inconsistent with spatial diffusion. The problem is exac-
erbated in circumstances under which one cannot even
sharply define τ(z), as we discuss in §3.2.
In §2.2, we derive a consistency requirement on the
angular distribution of the accelerated particles near the
shock front, which must be satisfied if the spatial diffu-
sion approximation is to be used to derive the spectrum.
Furthermore, we show that this requirement is violated
for a general particle scattering function, necessitating a
more careful approach. Before proceeding with the for-
mal analysis, we make some general comments to argue
that deviations from spatial diffusion are to be expected,
and may well modify the particle spectrum.
First, notice that some particle streaming must be
present near the shock front. Invoking spatial diffusion
both upstream and downstream yields a discontinuous
diffusive flux j across the shock front. In particular, par-
ticles crossing from the upstream induce a non-vanishing
flux in the downstream frame, whereas jd ∝ ∂zNd = 0.
A discontinuous diffusive flux does not directly pose any
contradiction; in fact, the compensating flux term due
to shock compression has been used (Krymskii 1977) to
derive the spectrum. However, a discontinuous j does
indicate that the angular distribution may not be consis-
tent with spatial diffusion on both sides of the shock, as
we quantify in §2.2.
We also show (therein) that, in the spatial diffusion
approximation, the particle anisotropy downstream must
satisfy a constraint, which is automatically fulfilled only
if this anisotropy is O(β2). However, particle stream-
ing across the shock can induce an uncontrolled first-
order downstream anisotropy. Such an anisotropy is suf-
ficiently strong to invalidate the standard spectrum (1),
as we prove in §4.2. To see how such a situation could
arise, note that a first order anisotropy would imply a
downstream streaming velocity of order β near the shock.
If such streaming persists over distances ∼ D/v, it can
induce order-unity variations in Nd(z), which would nec-
essarily invalidate Eq. (1).
In order to further illustrate the importance of
streaming-like effects, consider a simplified form of par-
ticle streaming added to the diffusion equation,
cβ
∂N˜
∂z
−
∂
∂z
[
D
∂N˜
∂z
]
+
∂
∂z
[
vst(z)N˜
]
= 0 , (3)
where the form of the last term is justified in §3.2. The
spectrum inferred from this equation would in general
depend on the streaming velocity vst(z), and could sig-
nificantly deviate from the standard Eq. (1).
As a concrete, analytically tractable example, con-
sider downstream streaming of the form vst(z) =
v0/[1 + (z/z0)], where v0 and z0 are constants, and de-
fine a dimensionless streaming length parameter α ≡
(z0βc/D). Equation (3) yields N˜(z → ∞)/N˜(0) =
α−1d e
−αdEα0(αd), where Ea(b) is the exponential integral
function. Unless |α0| ≪ 1, this ratio substantially differs
from unity, so the resulting spectral index (computed for
example in the method of Bell 1978, as outlined in §4.2),
p = 1+3α−1d e
−αdEα0(αd)/(r−1), similarly deviates from
p0. In this picture, the standard spectrum would require
the streaming term to be both small and confined to the
close vicinity of the shock, z0 = α0D/v0 ≪ D/(βc).
Additional, independent caveats in the standard spec-
tral derivations stem from the rather strong underlying
assumptions, such as neglecting variations in v = vz and
in D that may take place over length scales shorter than
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cursor to the shock upstream, or an offshoot downstream,
in which the velocity has not yet reached its saturation
value implied by the Rankine-Hugoniot adiabat, or an ef-
fective cutoff on D at some finite distance from the shock.
Such effects would modify the spectrum, for example by
effectively altering the value of r used in Eq. (1). An in-
teresting example is the backreaction of the accelerated
particles on D, which could severely modify the spec-
trum, as suggested by non-linear DSA studies (Drury
1983; Blandford & Eichler 1987; Jones & Ellison 1991;
Malkov & Drury 2001).
In this paper, we adhere to the standard assumptions
of a uniform fluid velocity on each side of the shock,
and a simple scattering function that is not inherently
high-dimensional (for example, has a separable angular
dependence). After establishing in §2.2 that even in this
case, the spatial diffusion approximation is in general in-
sufficient for a self-consistent derivations of the spectrum,
we invoke the transport equation, and consistently solve
for the full PDF in space and in momentum. In general,
this can only be done numerically, as we demonstrate in
§3.2 and §4.4. Some analytical results can however be ob-
tained; in particular, we show (in §3.2) that the diffusion
equation must be replaced by a modified, diffusion-like
equation, supplemented by both a streaming term and
an anisotropy-dependent diffusive term.
2.2. Spatial diffusion: consistency requirement
Consider an infinite, planar shock front, located at
shock-frame coordinate z = 0, with flow in the posi-
tive z direction both upstream (z < 0) and downstream
(z > 0). We analyze the PDF f(r,q, t) of energetic par-
ticles, crossing the shock back and forth due to repeated
elastic scattering events that modify the direction qˆ of
the fluid-frame momentum q of a particle. Particle scat-
tering can be parametrized in terms of an effective scat-
tering function κ(qˆ, qˆ′), describing the fluid-frame rate
at which particles moving in direction qˆ′ are scattered to
direction qˆ.
Assuming that the PDF is stationary in the shock
frame, f is then governed by the transport equation,
which can be conveniently written in the form (e.g.,
Vietri 2003)
(µi + βi)cγi∂zf(z, qi, qˆi) = (4)∫
[κi(qˆi, qˆ
′)f(z, qi, qˆ
′)− κi(qˆ
′, qˆi)f(z, qi, qˆi)] γi dΩ
′ ,
in the mixed phase space of fluid-frame q and shock-
frame z. Here, γ ≡ (1 − β2)−1/2 is the fluid Lorentz
factor, µ ≡ qˆ · zˆ is the cosine of the polar angle with
respect to the shock normal, dΩ is the solid angle dif-
ferential, and integrals are taken over the full domain
unless otherwise specified. Such an equation holds inde-
pendently upstream and downstream of the shock, with
the {upstream, downstream} indices i ∈ {u, d} writ-
ten henceforth only when necessary. Focusing on non-
relativistic shocks, we henceforth approximate γ → 1.
Note that it is tacitly assumed here that by averag-
ing f(r,q, t) over constant z planes, one arrives at a
well-defined, lower-dimensional PDF, that in a steady
state may be written as f(z, q, qˆ). It is also assumed
that the functions κi are spatially uniform on each side
of the shock, although this assumption is relaxed in §3.
These, and other underlying, standard assumptions, are
discussed in §5.
It follows from the unitarity of the scattering matrix
(e.q., Lifshitz & Pitaevskii 1981 section 2), that∫
κ(qˆ, qˆ′)dΩ′ =
∫
κ(qˆ′, qˆ)dΩ′ . (5)
Therefore, one can generally rewrite Eq. (4) as
(µ+β)c∂zf =
∫
κ(qˆ, qˆ′) [f(z, q, qˆ′)− f(z, q, qˆ)] dΩ′. (6)
We avoid the stronger condition of detailed balance,
κ(qˆ, qˆ′) = κ(qˆ′, qˆ), which is sometimes invoked here
(e.g., Blasi & Vietri 2005), because it would require time
reversibility and parity symmetry of the scattering pro-
cess, which could be violated in a magnetized medium.
As ultra-relativistic particles of energy E much higher
than any characteristic scale in the problem are expected
to form a power-law energy spectrum, we separate vari-
ables by defining
f(z, q, qˆ) ≡ φ(z, qˆ)q−(2+p) . (7)
Then the transport equation is reduced to
(µ+ β)c∂zφ =
∫
κ(qˆ, qˆ′) [φ(z, qˆ′)− φ(z, qˆ)] dΩ′ . (8)
To determine the spectral index p, we next incorporate
the boundary conditions.
Continuity across the shock front implies that
φu(z = 0, qˆu)q
−(2+p)
u = φd(z = 0, qˆd)q
−(2+p)
d , (9)
where upstream and downstream quantities are related
by a Lorentz boost of velocity βr = (βu−βd)/(1−βuβd),
so qd = (1 + βrµu)γrqu and µd = (µu + βr)/(1 + βrµu).
In the non-relativistic limit, β ≪ 1, Eq. (9) reduces to
φd(z = 0, qˆd) = [(1 + βrµu)γr]
2+pφu(z = 0, qˆu) (10)
≃ [1 + (2 + p)(βu − βd)µu]φu(z = 0, qˆu) .
The escape of particles downstream and their absence far
upstream imply that
lim
z→−∞
φu = 0 and lim
z→+∞
φd = φ∞ , (11)
where φ∞ is an arbitrary constant, which we choose to
be of order unity.
Averaging the transport equation (8) over angles qˆ,
and introducing the notation 〈. . . 〉 ≡ (4pi)−1
∫
. . . dΩ,
one arrives at the first integral of the transport equation,
d
dz
(β〈φ〉 + 〈µφ〉) = 0 . (12)
Applying the boundary conditions (11) now yields
β〈φ〉 + 〈µφ〉 =
{
βdφ∞ for z > 0 ;
0 for z < 0 .
(13)
Upstream, the anisotropy measure 〈µφ〉/〈φ〉 is there-
fore small, of order β. Assuming that φ∞/〈φ〉 does not
greatly exceed unity, 〈µφ〉/〈φ〉 is small also downstream,
of order O(β). It is thus useful to represent the distribu-
tion function as
φ(z, qˆ) = φ0(z) + φ1(z, qˆ) , (14)
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where φ0 > 0, with the normalization
〈φ1〉 = 0 . (15)
Substituting Eq. (14) into the transport equation (8)
now yields
(µ+β)c∂zφ =
∫
κ(qˆ, qˆ′) [φ1(z, qˆ
′)− φ1(z, qˆ)] dΩ
′ , (16)
to be solved for φ0 and φ1 on each side of the shock under
the boundary conditions (11). These solutions must then
be matched using the continuity equation (10). One may
usually assume that |φ1| ≪ φ0, although this assumption
can locally break down for extreme scattering functions,
as we show in §4.4. Under this assumption, Eq. (10)
reduces to lowest order to
φu0 + φu1 + (2 + p)(βu − βd)µφu0 = φd0 + φd1 , (17)
evaluated at z = 0. Averaging over angles yields
φ0 = φu0 = φd0 , (18)
and so
φu1 + (2 + p)(βu − βd)µφu0 = φd1 . (19)
The small anisotropy parameter, 〈µφ〉/〈φ〉 ≪ 1, found
upstream and usually also downstream, motivates the
aforementioned spatial-diffusion approximation. A suf-
ficient condition for this approximation is a highly ho-
mogeneous or small level of anisotropy, in the sense that
|∂zφ1| ≪ |∂zφ0|. If, in addition, the gradient of the den-
sity is small, then the particle distribution is guaranteed
to be nearly isotropic, |φ1| ≪ φ0, as we show below.
Later, in §4, we show that both of these assumptions can
be broken in an anisotropic medium. Nevertheless, for
the remainder of §2.2, we adopt these assumptions, and
examine their consequences.
Under the assumption |∂zφ1| ≪ |∂zφ0|, retaining the
lowest order (in β) terms in Eq. (16) yields
µc∂zφ0 =
∫
κ(qˆ, qˆ′) [φ1(z, qˆ
′)− φ1(z, qˆ)] dΩ
′. (20)
One can separate the angular and spatial variables by
defining a single-variable function ψ(qˆ) through
φ1(z, qˆ) = ψ(qˆ)c∂zφ0 , (21)
thus reducing the problem to solving the integral equa-
tion ∫
κ(qˆ, qˆ′) [ψ(qˆ′)− ψ(qˆ)] dΩ′ = µ (22)
for ψ. Once this equation is solved, the particle flux may
be written in the form
〈µφ〉 = 〈µφ1〉 = −
D
c
∂zφ0 , (23)
where the spatial diffusion coefficient is defined as
D ≡ −c2〈µψ〉 , (24)
and in the present framework is a constant on each side
of the shock. A small density gradient, in the sense that
|∂zφ0| ≪ cφ0/D, would now imply a nearly isotropic
distribution, |φ1| ≪ φ0. In order to derive the spectrum
— and even the function φd(z) — it is not necessary to
determine ψ or D; rather, it suffices to assume that a
consistent solution to Eq. (22) exists.
Indeed, substituting the spatial-diffusion law (23) into
Eq. (13) yields a closed equation for the particle density,
βφ0 −
D
c
∂zφ0 =
{
βdφ∞ for z > 0 ;
0 for z < 0 .
(25)
Combining the solution to Eq. (25) with Eq. (21) yields
the full solution for the distribution function in the
spatial-diffusion approximation,
φ(z, qˆ) =
{
φ∞ for z > 0 ;
Ceβucz/Du
[
1 + βuc
2
Du
ψ(qˆ)
]
for z < 0 ,
(26)
where C is a constant. These expressions are valid far
from the shock discontinuity, |z| ≫ D/c, where all pa-
rameters vary smoothly. In order to check whether the
approximation remains valid close to the shock, one must
test if the continuity condition (19) can be satisfied iden-
tically (i.e., for any particle direction, qˆ) at z = 0.
Equation (26) implies that a consistent solution in the
spatial-diffusion approximation requires that φd1 = 0, in-
dicating that the anisotropy must be second order down-
stream. For such near isotropy, Eq. (20) is trivially satis-
fied, so there is no need to find a self-consistent solution
to Eq. (22) downstream. In the present framework, the
result φd1 = 0 holds, in particular, at the shock front,
where Eq. (19) reduces to
φu1 = −(2 + p)(βu − βd)φu0µ . (27)
This relation therefore requires that ψu ∝ µ at the shock
front. If this relation holds, then Eqs. (24) and (26) yield
φu1 = −3βuφ0µu. Using this result and the solution (26),
Eq. (17) then becomes
C + C [(2 + p)(βu − βd)− 3βu]µ = φ∞ . (28)
This equation can be satisfied for any µ only if both
C = φ∞ and p = (βu + 2βd)/(βu − βd), which finally
yields the standard spectrum (1).
We reason that applying the approximation of spatial
diffusion near the shock is self-consistent to first order in
β, as necessary for the derivation of the spectrum, only if
the upstream scattering function satisfies the necessary
requirement ψu ∝ µ, or equivalently∫
(µ′ − µ)κu(qˆ, qˆ
′)dΩ′ ∝ µ . (29)
In such a case, it follows that φu1(z = 0) ∝ µ, φd1(z) = 0,
C = φ∞, and so p ≃ p0.
In the simple limit of an isotropic medium, Eq. (29)
is satisfied, and the relation φu1 ∝ µ can indeed be seen
to hold. In such a medium, the scattering probability
depends only on the angle between the initial and final
particle directions, so we may write κ(qˆ, qˆ′) = κ(qˆ · qˆ′).
Then Eq. (22) has an exact solution with the necessary
form (e.g., Lifshitz & Pitaevskii 1981, section 11),
ψ = −
µ
wt
, (30)
where wt ≡ 4pi〈(1− qˆ · qˆ
′)κ(qˆ · qˆ′)〉 is the transport scat-
tering coefficient. Here, the averaging is over qˆ′, wt is
independent of qˆ, the diffusion coefficient is given by
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D = c2/(3wt), and the aforementioned implications, in-
cluding p = p0 +O(β), follow.
It is important to note, however, that the dependence
φ1 ∝ µ upstream is not universal. In order to demon-
strate that in an anisotropic medium, the angular dis-
tribution inferred in the spatial-diffusion approximation
may be inconsistent with Eq. (22), consider the sim-
ple case of a separable scattering probability, κ(qˆ, qˆ′) =
U(qˆ)U(qˆ′). Here, the solution to Eq. (22) along with the
normalization (15) is
ψ(µ) =
1
4pi〈U〉
[〈
µ
U(µ)
〉
−
µ
U(µ)
]
, (31)
which generally does not satisfy the continuity condi-
tion (19), and is thus inconsistent with a global spatial-
diffusion approximation. Equivalently, one can confirm
that Eq. (29) is generally violated for a separable κ.
The distribution function remains generally incon-
sistent with the requirement (29) also in the small-
angle scattering limit. For instance, consider an up-
stream scattering function of the form κu(qˆ, qˆ
′) = h(µ+
µ′) exp(−|a qˆ · qˆ′|), where a is a constant and h is an
arbitrary function. This form is consistent with unitar-
ity (5) and even with detailed balance, would be consid-
ered small-angle scattering for sufficiently large |a|, and
becomes anisotropic for nontrivial h. Testing Eq. (29),
or equivalently evaluating the integral in Eq. (22) by
assuming ψ ∝ µ, is straightforward, especially for a
strongly peaked κ; for example, for h(x) = x the integral
is ∝ (3µ2 − 1). Indeed, for a general choice of h, the
integral is not ∝ µ, so deriving the spectrum by a global
approximation of spatial diffusion is not self-consistent.
We see that in the general case, the consistency re-
quirement (29) is violated, even for small-angle scatter-
ing. Here, non-diffusive effects at distances |z| . D/c
from the shock front preclude a self-consistent derivation
of the spectrum (1) based on a global spatial-diffusion ap-
proximation. Instead, one must solve the full transport
equation (8), which in general can be done only numeri-
cally, as we discuss in §3.2 and §4.4. Moreover, we have
assumed a sufficiently homogeneous or small anisotropy,
|∂zφ1| ≪ |∂zφ0|, to derive Eq. (20) and near isotropy (21)
in diffusive regions, and assumed that the anisotropy re-
mains small even at the shock front, to derive Eq. (17).
These assumptions cannot be a-priori justified, and in-
deed are not satisfied for all scattering functions. We
conclude that deriving the spectrum by globally invoking
spatial diffusion is unwarranted for a general anisotropic
medium, for which p can in fact substantially deviate
from p0, as we later show.
The spectrum (1) is nevertheless recovered in a
medium which is not too anisotropic, although this was
not yet proven, and should not be inferred from an incon-
sistent application of the spatial-diffusion approximation.
When, and how, does the spectrum deviate from Eq. (1)?
We address this question for an arbitrary scattering func-
tion in §3, deferring the important limit of small-angle
scattering to §4.
3. LARGE-ANGLE SCATTERING
In order to identify the circumstances under which the
spectrum (1) is valid, and quantify the deviations from
this result, we consider here an arbitrary, large-angle
scattering function. To frame the discussion, we begin
with the simple case of isotropic, large-angle scattering,
which to our knowledge was not rigorously solved until
now.
3.1. Isotropic scattering
Consider the simple case in which the large-angle scat-
tering is isotropic in the fluid frame. We already know
from §2.2 that in this case, the global approximation of
spatial diffusion consistently yields the spectrum (1). It
is nevertheless instructive to solve this specific problem
without invoking spatial diffusion in the vicinity of the
shock, but rather by matching asymptotic solutions at
large optical depths from the shock. The failure of this
method for an arbitrary scattering function, as indicated
in §3.2, demonstrates how spatial diffusion and Eq. (1)
can break down for anisotropic scattering.
For isotropic scattering, the scattering rate is angle-
independent, κ(z, q; qˆ, qˆ′) = κ0(z, q), where we allowed
for some inconsequential dependence on the distance
from the shock and on momentum. Here, the transport
equation (8) becomes
(µ+ β)∂τφ(τ, µ) = −φ+
1
2
∫ 1
−1
φ′ dµ′ , (32)
where we defined the optical depth
τ ≡
4pi
c
∫ z
0
κ0(z
′, q) dz′ , (33)
and, for brevity, φ′ ≡ φ(τ, µ′). It is useful to write the
equation in the shock frame,
µ˜∂τ φ˜(τ, µ˜) = −γ
2(1−βµ˜)φ˜+
∫ +1
−1 (1 − βµ
′)pφ˜′ dµ′
2(1− βµ˜)p+1
. (34)
As we focus here exclusively on the shock frame, the
tilde that designates a shock-frame variable is omitted
throughout the rest of §3.1.
Working in the non-relativistic shock limit, an expan-
sion in powers of β ≪ 1 yields
µ∂τφ=
[
1 + (p+ 1)µβ +
(p+ 2)(p+ 1)
2
µ2β2
]
N
−(1− µβ + β2)φ− [1 + (p+ 1)µβ] pβj
+
(p− 1)p
2
β2〈µ2φ〉 +O(β3N) , (35)
where we defined
N ≡ 〈φ〉 and j ≡ 〈µφ〉 , (36)
in the shock frame, in accord with §2.1. Averaging this
equation over µ then gives the moment equation
dj
dτ
=
(p+ 4)(p− 1)
6
β2N − (p− 1)βj (37)
+
(p− 1)p
2
β2〈µ2φ〉+O(β3N) .
While the spatial diffusion approximation in general
breaks down, as discussed in §2, near the shock front
|τ | . 1, it does hold in the so-called diffusive regions,
|τ | ≫ 1, where the PDF is nearly isotropic. Indeed,
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in the present problem, isotropy is guaranteed within a
small number of scattering events, i.e. within τ of order
a few. Hence, here it is unnecessary to invoke auxiliary
assumptions regarding the confinement of streaming-like
effects to the vicinity of the shock, as discussed in §2.1.
In these diffusive regions, the anisotropic component
∆φ ≡ φ−N is small and slowly-varying, |∆φ| = O(βN)
and d(∆φ)/dτ = O(βN), so we may replace 〈µ2φ〉 by
N/3. To first order in β, Eq. (35) then becomes
µN ′(τ) = −∆φ+ (p+ 2)µβN +O(β2N) , (38)
such that Eq (37) yields
N ′′(τ) = 3βN ′(τ) +O(β3N) . (39)
Taking into account the boundary conditions, we con-
clude that
N(τ ≪ −1) = Cue
3βuτ and N(τ ≫ 1) = Cd , (40)
where Cu and Cd are constants, and at least Cd must be
of order unity. Plugging these results into Eq. (38) and
averaging over µ indicates that
j(τ ≪ −1) =
p− 1
3
βuCue
3βuτ (41)
and
j(τ ≫ 1) =
p+ 2
3
βdCd . (42)
The far upstream and far downstream solutions can
now be matched, as follows. In the diffusive regions,
Eqs. (40–42) indicate that j ∼ βN . Equation (37) then
implies that j varies over an optical depth scale τ ∼ β−1.
Similarly, in the diffusive regions, Eq. (35) indicates that
N too varies over a scale τ ∼ β−1. It is therefore pos-
sible to match both N and j across the shock, bridging
the upstream and downstream diffusive regions. More
precisely, note that uniform N and j, up to corrections
of fractional order β, solve Eq. (35) in the non-diffusive,
|τ | . a few, region, with Eqs. (40–42) now used as bound-
ary conditions.
Therefore, there exists a region −β−1u ≪ τ ≪ β
−1
d , in
which N in the two diffusive region solutions of Eq. (40)
can be matched to leading order, so
Cu = Cd +O(β) , (43)
as Cd is of order unity. Similarly, within this matching,
−β−1u ≪ τ ≪ β
−1
d region, j in the solutions (41) and
(42) can be matched to leading order, yielding
(p− 1)βuCu = (p+ 2)βdCd +O(β
2) . (44)
Combining Eqs. (43) and (44) now implies the spectrum
in Eq. (1).
3.2. Large-angle scattering: modified spectra
Consider the generalization of §3.1 for an arbitrary,
large-angle scattering function, κ(z, q; qˆ, qˆ′). It is clear
from §2.2 that for such general κ, applying the spatial
diffusion approximation near the shock front can lead
to an inconsistency, suggesting that substantial devia-
tions from the spectrum (1) may be possible. Here, we
quantify the conditions and implication of such a spectral
deviation, and demonstrate that it can indeed manifest.
As long as angular variations in κ are sufficiently small,
the problem can be solved in methods similar to those
indicated above, in particular the asymptotic match-
ing method used in §3.1. This method works as long
as there exists a well-defined matching region around
the shock front, which simultaneously shows a well-
isotropized PDF and unmodified N and j. The problem
becomes difficult when κ spans a wide, typically & β−1
range of values as a function of angles, at a given z and
q. For simplicity, the dependence of κ upon z and q is
assumed separable, and is henceforth omitted.
One difficulty is that in such cases, there is no obvious
way to define an optical depth τ independent of angle qˆ,
in analogy with Eq. (33). Other difficulties arise if the
PDF does not isotropize sufficiently quickly in the pu-
tative matching region, allowing for leading order varia-
tions in N or j; such effects may be considered in part
as manifestations of the streaming problem outlined in
§2.1. Due to these difficulties, highly anisotropic scat-
tering can diminish the matching region, causing it to
disappear entirely, or to become misaligned for different
angles qˆ, rendering matching impossible.
Let us relate the spectrum to the global properties of
the PDF, without invoking the spatial diffusion approx-
imation near the shock. Using the parametrization (14–
15), Eq. (13) becomes
βφ0 + 〈µφ1〉 =
{
βdφ∞ for τ > 0 ;
0 for τ < 0 ,
(45)
where φ is measured again in the fluid frame (hence-
forth). The continuity relations (18) and (19), with their
underlying assumption |φ1| ≪ φ0, now relate the spec-
trum to the PDF behavior downstream,
p− 1
p0 − 1
≃ 1 +
〈µφd1s〉
βd
= 1 +
〈µφd(z = 0)〉
βd
(46)
and
p− 1
p0 − 1
≃
φ∞
φ0s
=
〈φ(z →∞)〉
〈φ(z = 0)〉
, (47)
where subscript s designates the shock front. Thus, the
spectrum is directly related both to the anisotropy φ1
at the shock front, and to the overall evolution of 〈φ〉
downstream. In particular, the spectrum (1) requires
the anisotropy measure 〈µφds〉 to be O(β
2), and the evo-
lution parameter −1 + φ∞/φ0s to be O(β
1).
Next, let us rewrite the transport equation as a
diffusion-like equation. Define some characteristic scat-
tering rate κ0, and a corresponding optical depth τ as
in Eq. (33), chosen for example such that the normal-
ized scattering function w(qˆ, qˆ′) ≡ κ/κ0 averaged over Ω
and Ω′ is unity. The transport equation (16) can now be
written in the form
(µ+β)∂τ (φ0+φ1) =
∫
w(qˆ, qˆ′)φ1(qˆ
′) dΩ′−Wφ1 , (48)
where we defined W (qˆ) ≡
∫
w(qˆ, qˆ′) dΩ′. Multiplying
Eq. (48) by µ/W , averaging over Ω, and rearranging, we
arrive at
〈µφ〉=−∂τ 〈Dφ〉 +Πst , (49)
=−〈D〉∂τφ0 +Πst − ∂τ 〈Dφ1〉 ,
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where we defined a spatial diffusion function
D(qˆ) ≡
(µ+ β)µ
W
, (50)
and a streaming term
Πst ≡
〈
µ
W
∫
w(qˆ, qˆ′)φ1(qˆ
′)dΩ′
〉
. (51)
The transport equation thus reduces to a spatial diffu-
sion equation, with two important modifications to the
flux: a streaming term Πst, as anticipated in §2.1, and
an anisotropy-dependent diffusive term ∂τ 〈Dφ1〉. Both
of these terms can be neglected in the limit of isotropic
scattering, in which case the integral in Πst vanishes,
and the only term surviving in ∂τ 〈Dφ1〉 is small, of or-
der βφ1. When scattering is anisotropic but sufficiently
close to being isotropic, these two terms can still be ap-
proximately neglected, so the spectrum (1) is recovered,
even though its derivation in §2.2 becomes inconsistent
once the condition (29) is violated. In the more general
case, however, neither term can be neglected, and the
spectrum can become modified.
Figure 1 demonstrates substantial deviations from the
spectrum (1), obtained with highly anisotropic, large-
angle scattering, for arbitrarily small β. In order to es-
tablish such a behavior, we choose scattering functions
that yield a simple behavior p = p(β) 6= p0 of the spectral
index. One such choice is κ1 = exp[α(µ + µ
′)], with the
same constant α used upstream and downstream, shown
in the figure as filled symbols (with a solid line to guide
the eye). As the figure shows, p in this case is approx-
imately a function of βξα, where ξ ≃ 0.75. Assuming
that such a scaling persists for arbitrarily small β, one
can always find a sufficiently negative α that yields a
noticeable deviation from p0.
The figure pertains to a compression ratio r = 4, cor-
responding to a strong shock in a gas of adiabatic index
5/3, such that p0 = 2. The results are obtained in the
method of angular moments (Keshet 2006), generalized
(Arad et al. 2020, in preparation) for large-angle scat-
tering. Numerical convergence is demonstrated by error
bars, typically too small to see in the figure.
A second, simple choice of scattering function is κ2 =
exp[α(µ2 + µ′2)], shown in the figure as empty symbols
(with a dashed line). Here, p is approximately a function
of βξα with ξ ≃ 0.43, and substantially deviates from p0
for both positive and negative α. This scattering func-
tion satisfies the symmetries κ2(µ, µ
′) = κ2(−µ, µ
′) and
κ2(µ, µ
′) = κ2(−µ
′,−µ). The former symmetry guaran-
tees that the streaming term Πst vanishes in this case,
so the spectral deviation here may be attributed to the
∂τ 〈Dφ1〉 term.
These simple examples, while useful for demonstra-
tive purposes, involve substantial variations in κ over
its domain. These variations are exponential in β−1,
and therefore become non-physically large in the small
β limit. However, one can identify scattering functions
which are only modestly anisotropic, and yet produce
substantial deviations in the spectrum. It is more conve-
nient to analyze such scattering functions in the small-
angle scattering limit, which we now turn to.
4. SMALL-ANGLE SCATTERING
Figure 1. Substantial spectral deviation from the standard spec-
trum, p0 = 2 (dotted horizontal line), due to anisotropic scattering
in a non-relativistic shock of compression ratio r = 4. For sim-
plicity, the same scattering function is used upstream and down-
stream. Results are shown (symbols with numerical error bars
and lines to guide the eye) for large-angle scattering functions
κ1(qˆ, qˆ′) = exp[α(µ+ µ′)] (filled blue-to-green symbols, solid line,
scaled with ξ = 0.75) and κ2 = exp[α(µ2 + µ′2)] (empty red-to-
orange symbols, dashed line, ξ = 0.43), and for an angular dif-
fusion function D(µ) = exp(αµ) (black bar-triangles, dot-dashed;
ξ = 0.8). For such scattering, p is approximately a function of βξα
(abscissa), so different shocks (right triangles for βu = 0.04, up
triangles for 0.02, and left triangles for = 0.004) yield overlapping
curves. For sufficiently small β, p is insensitive to the frame in
which µ and µ′ are measured (large symbols for fluid frame, small
for shock frame).
Next, consider the small-angle scattering limit, also
known as the limit of angular diffusion or pitch angle
diffusion, typically assumed to provide a good approxi-
mation for astronomical shocks. This is a special case of
the arbitrary scattering discussed in §3.2, so constraints
on the spectrum such as Eqs. (46) and (47) apply. In
particular, as established in §2.2, the standard spectrum
p = p0 is guaranteed for an isotropic medium in this
limit, too. It is not a priori clear, however, if substantial
deviations from p0, as demonstrated in §3.2, are possible
for anisotropic small-angle scattering. Let us start by
analyzing the anisotropy pattern at the shock front, and
showing that previous claims that first-order anisotropies
cannot affect the spectrum are incorrect.
4.1. Shock front anisotropy
Our analysis is carried out in the fluid frame. For dif-
fusion in the direction qˆ of fluid frame momentum q,
one typically invokes detailed balance and axial sym-
metry, so the stationary transport equation becomes
(Kirk & Schneider 1987)
(βi + µi)cγi
∂fi
∂z
=
∂
∂µi
[
(1− µ2i )D¯i
∂fi
∂µi
]
. (52)
The angular diffusion function, D¯ = D¯(z, q, µ), intro-
duces a length scale c/D¯, which can be absorbed by
rescaling z. In particular, one often assumes that D¯ is
separable, for example in the form D¯ = D(µ)D2(z, q),
where D(µ) is dimensionless and of order unity. While
this assumption is not essential for our main result, we
adopt it here for convenience. With the parametrization
(7), the transport equation (52) then becomes
(β + µ)∂τφ = ∂µ[(1− µ
2)D(µ)∂µφ] , (53)
8 Keshet et al.
where τ ≡ (γc)−1
∫ z
0
D2(z
′, q)dz′ is the optical depth,
and the frame index i is again omitted when possible.
The solution of Eq. (53) under the boundary conditions
(11) fixes the spectral index p. Such derivations of the
spectrum were carried out for an arbitrarily relativistic
shock, numerically, for example by expanding φ in eigen-
functions in the downstream (Kirk & Schneider 1987;
Heavens & Drury 1988) or in the upstream (Kirk et al.
2000), or by a relaxation code (Nagar & Keshet 2019);
semi-analytically, by evolving the moments of φ (Keshet
2006); and analytically (Keshet & Waxman 2005), by
approximating the downstream anisotropy at the shock-
grazing angle, µ = −β, as fixed by its non-relativistic
shock limit.
For the present study, it is useful to reproduce some
results from the Keshet & Waxman (2005) shock-grazing
analysis. We assume an analytic behavior at the grazing
angle, µ = −β. Expanding φ and D in the fluid frame
around this angle,
φ(µ, τ) = a0(τ)+a1(τ)(µ+β)+a2(τ)(µ+β)
2+· · · , (54)
and
D(µ) = 1 + d1(µ+ β) + d2(µ+ β)
2 + · · · , (55)
the transport equation (53) implies that for any τ ,
a2(τ) = −γ
2a1(τ) (β + d/2) . (56)
Here, d ≡ γ−2d1 is a measure of the deviation from
isotropic diffusion, and for simplicity we chose the τ scal-
ing such that D(µ = −β) = 1. Continuity then yields an
exact relation between the spectrum and the low-order
expansion coefficients in Eq. (54–55), which can be used
to constrain the spectrum, test numerical simulations,
and give an accurate expression for the spectral index
for arbitrary βu and βd (Keshet & Waxman 2005).
In the non-relativistic shock limit, β ≪ 1, this
spectrum–anisotropy relation gives (Keshet & Waxman
2005)
a1
a0
=
d
γ2d(p+ 2)
(p+ 2)(βu − βd)− (βu + βd + du)
2(p+ 2)− (du − dd)/(βu − βd)
= βu
βu − βd/2− du/2
βu + (dd − du)/6
+O(β2) (57)
in the downstream frame; an analogous relation is ob-
tained upstream. Here, and henceforth, a subscript d
(subscript u) on the equality sign indicates that the cal-
culation is carried out at the shock front in the down-
stream (upstream) frame, and variables without a fluid-
frame index i should be treated as such. In the second
equality in Eq. (57), we have assumed that the classi-
cal spectrum (1) is valid and that the diffusion is nearly
isotropic on both sides of the shock, du = dd = 0.
Equation (57) shows that the shock-front anisotropy
has derivatives that are first-order in β in the down-
stream frame; a similar conclusion is reached in the up-
stream and shock frames. Indeed, for isotropic angular
diffusion, d = 0, the downstream relation (57) reduces to
a1
a0
=
d
p+ 1
2
γ2dβu−
p+ 3
2
γ2dβd = βu−
βd
2
+O(β3) , (58)
where we again assumed that p = p0 in the last equality.
Note that while the normalized derivative at µ = −β,
namely (φ′/φ)µ=−β = a1/a0, is first order in β, the vari-
ations in φ(µ) over the domain −1 ≤ µ ≤ 1 can in prin-
ciple be smaller, only of second order. Such a small,
O(β2) anisotropy can be reconciled with order β angu-
lar derivatives only if the latter are confined to a nar-
row, O(β) range of µ. This peculiar behavior can indeed
emerge in the downstream frame, albeit generally not in
the upstream or shock frames, as we verify in the case of
isotropic angular diffusion. Regardless, the following dis-
cussion holds quite generally for any O(β) anisotropies.
Next, we address the problem of deriving the spec-
trum in the small-angle scattering, non-relativistic shock,
limit. Analytically solving the transport equation (53)
has proved to be difficult even in this limit, so we resort
to an alternative method for computing p.
4.2. Spectral sensitivity to O(βd) anisotropies
A useful approach (Fermi 1949; Bell 1978) for comput-
ing the spectrum is to relate the spectral index to the
fractional energy-gain g in a Fermi cycle, and the proba-
bility Pesc that a particle crossing the shock downstream
escapes and never returns upstream,
p ≃ 1−
ln(1 − Pesc)
ln⟪1 + g⟫ . (59)
Here, ⟪. . .⟫ designates flux-averaging, defined explicitly
below. Both Pesc and g can be computed, at least
approximately, if the angular PDF at the shock front,
φs(µ) ≡ φ(τ = 0, µ), is known.
Working in the downstream frame, consider a particle
undergoing a Fermi cycle in which it crosses the shock
from the downstream to the upstream at some angle µ−
satisfying −1 < µ− < −β, and returns to the down-
stream at an angle −β < µ+ < 1. The energy gain
during such a cycle is
1 + g=
d
(1− βrµ−)/(1− βrµ+) . (60)
The mean energy gain may be computed by averaging
Eq. (60) over the shock-frame flux across the shock front,
dj ≡ (µ+ β)φ(µ)dµ , (61)
in all µ− and µ+ directions,
⟪1 + g⟫=
d
⟪1− βrµ−
1− βrµ+
⟫≡
d
∫
1−βrµ−
1−βrµ+
dj−dj+∫
dj−dj+
. (62)
Here, an integral over dj± is taken over the full range in
which µ± is defined. An analogous expression is obtained
in the upstream frame,
⟪1 + g⟫=
u
⟪1 + βrµ+
1 + βrµ−
⟫≡
u
∫
1+βrµ+
1+βrµ−
dj−dj+∫
dj−dj+
. (63)
Note that the shock-frame flux j =
∫
dj is consistent with
its usage in §2 and §3, and with definition (36), in which
φ is measured in the shock frame.
If the correlations between µ− and µ+ can be ne-
glected, and the shock front PDF φs(µ) is known, the
integrals in Eqs. (62) or (63) can be carried out. These
correlations are indeed negligible in the non-relativistic
breakdown of standard DSA 9
shock regime, where the PDF becomes nearly isotropic,
as we confirm numerically. Moreover, correlations are
found (Arad et al., in preparation) to be negligible even
for relativistic shocks, provided that ⟪g⟫ is computed in
the upstream frame, i.e. using Eq. (63) rather than (62).
These conclusions apply even for highly anisotropic scat-
tering functions, shown in §4.4 to yield substantial devi-
ations from the spectrum (1).
Motivated by Eqs. (56–58), we henceforth take into
account small shock-front anisotropies, in the form
φs(µ)=
d
φ0 + φ1(µ)=
d
1 + β δφ(µ) , (64)
where the normalization of the leading term is arbitrarily
chosen as unity. We have parametrized φ1 = β δφ in
anticipation of the typical case, where anisotropy is first
order and so δφ = O(β0), although anisotropies of both
second order (for isotropic scattering, see §2.2) or zeroth
order (see §4.4) are possible.
The mean energy gain is then found from Eq. (62) to
be (Bell 1978)
⟪g⟫ = 4
3
(βu − βd) +O(β
2) , (65)
independent of δφ. One sees that O(β) anisotropies have
no leading-order effects on the mean gain, as long as cor-
relations can be neglected. Moreover, we have not iden-
tified any departure from Eq. (65) in a non-relativistic
shock, even for highly anisotropic diffusion functions that
yield an order unity PDF anisotropy and a substantial
deviation from the spectrum (1).
This is not the case, however, for the escape proba-
bility. Considering the particle flux crossing toward the
downstream, j+ =
∫
dj+ > 0, and the fraction of this
flux returning upstream, j− =
∫
dj− < 0, the escape
probability can be written as
Pesc =
d
1 +
j−
j+
=
d
j
j+
. (66)
Here, the total flux j ≡ j+ + j− is constant on each
side of the shock, as seen by integrating Eq. (53); in
particular, in the downstream j(τ > 0) = 2βdφ∞. Unlike
the energy gain, the escape probability is independent of
Fermi-cycle correlations, and so can be computed exactly
if φs is precisely known, without additional assumptions.
In particular, the escape probability can be computed
from the first equality in Eq. (66) if the PDF were to be
assumed isotropic,
Pesc,iso = 4βd +O(β
2) . (67)
In this isotropic limit, Pesc,iso can be computed also in
alternative methods, by invoking random-walk or spatial
diffusion arguments, as discussed above. If the isotropy
assumption could be justified, Eqs. (59), (65), and (67)
would directly lead (Bell 1978) to the well-known spec-
trum of Eq. (1).
It is important to note, however, that even the leading-
order term in Pesc is sensitive to O(β
1) anisotropies in
the shock-front PDF of Eq. (64), measured in the down-
stream frame. Indeed, the first equality in Eq. (66) indi-
cates that
Pesc=
d
4β(1 + I/2) +O(β2) , (68)
where
I ≡
d
〈µφ〉
β/2
≡
d
β−1
∫ 1
−1
µφs dµ=
d
∫ 1
−1
µ δφ dµ (69)
is the shock-front flux in the downstream frame. Thus,
the escape probability (67), computed for an isotropic
PDF, can only be used if the first-order anisotropy in-
tegral I vanishes. Otherwise, combining Eqs. (59), (65)
and (68) yields a spectral index p = (r + 2+ 3I/2)/(r−
1) + O(β), that deviates to leading order from Eq. (1).
This result is equivalent to Eq. (46), and can be directly
obtained by adopting Eq. (64) and requiring that ju = 0.
As a concrete example, consider using only one or
two of the lowest order terms in the expansion (54), in-
ferred from Eq. (1) for the simple case of isotropic dif-
fusion; namely, using a1 from Eq. (58), with or with-
out a2 from Eq. (56), and neglecting higher-order terms.
The escape probability derived in this case from Eq. (66)
is Pesc = (4βu + 10βd)/3 + O(β
2), which leads in the
non-relativistic shock limit to the spectral index p =
(2βu + 3βd/2)/(βu − βd) = (2r + 3/2)/(r − 1), incon-
sistent with Eq. (1). In particular, this expression yields
p = 19/6 ≃ 3.17 (instead of the classical p0 = 2) in the
limit of a strong shock in a medium with Γ = 5/3.
4.3. Conditions for spectral modification
One can also relate the spectrum to the spatial evo-
lution of the PDF downstream. To leading order, the
second equality in Eq. (66) and the parametrization (64)
yield Pesc = 4βdφ∞/1. This links the escape probability
— and thus also the spectrum and the shock-front flux I
— to the evolution in φ0 between the shock and the far
downstream. In particular,
[φ0]
∞
τ=0 = φ∞ − 1=
d
1
2
I + O(β) . (70)
Similarly, Eq. (66) relates the escape probability to the
evolution in the forward flux, j+(τ), between the shock
front and far downstream, Pesc=d 4βj
+
∞/j
+
s .
We see that in the downstream frame, the deviation
of the spectrum from Eq. (1) is directly related to the
first-order anisotropy of the shock-front PDF, and to the
zeroth order spatial variations in the PDF and in the for-
ward flux. To leading order in β, these relations become
p− 1
p0 − 1
≃
d
1 +
I
2
≃
d
φ∞≃
d
j+∞
j+s
. (71)
These results conform with, and supplement, relations
(46) and (47).
Figure 2 demonstrates the downstream PDF and its re-
lation to the spectrum for the case of mildly anisotropic
diffusion, Du = 1+0.4µ and Dd = 1−0.4µ, for which the
spectrum p = p0+O(β) remains consistent with Eq. (1).
For simplicity, we choose a shock with a modest com-
pression ratio, r = 5/4, to clearly distinguish between
different powers of β. The PDF is computed in three dif-
ferent methods: an expansion in downstream eigenfunc-
tions (Kirk & Schneider 1987), an expansion in upstream
eigenfunctions (Kirk et al. 2000), and a moment expan-
sion (Keshet 2006). The three methods are seen to give
consistent results; the latter converges faster and avoids
spurious oscillations near the µ = ±1 poles, allowing one
to reach smaller values of β.
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Figure 2. Downstream-frame analysis of the angular PDF at an
r = 5/4 shock front with anisotropic angular diffusion, Du = 1 +
0.4µ and Dd = 1− 0.4µ. The non-uniform component of the PDF,
φ− φ∞, is shown (left axis) normalized by βφ∞, computed in the
moment method for βu = 0.001 (using 10 Legendre moments; solid
blue curve) and in the eigenfunction method for βu = 0.01, using
n = 32 upstream (dotted black) or downstream (dot-dashed green)
functions. The spectrum is given by Eq. (1), as one can infer from
the O(β2) flux and O(β1) evolution downstream. Namely, Eq. (71)
guarantees that p = p0 + O(β) in several ways: (i) I/j
+
∞ (total
shaded region inside short-dashed magenta; right axis) is only of
order O(β1), (ii) (−1+ j+s /j
+
∞)/β (dark shaded region inside long-
dashed red) is only of order O(β0), and (iii) (φs−φ∞)/φ∞ is only
of order O(β1).
By examining φs(µ)− φ∞ =d φs(µ)− j/(2β), one can
infer from the figure both the angular and the spatial
properties of the downstream PDF, and confirm that
they are all consistent with the spectrum (1). First note
that while the anisotropy of φs(µ) is first order in β, its
µ-weighted integral (69) gives only a second order result
(full shaded region), such that I = O(β). Next, note
that φs(µ) − φ∞ too is first order in β, indicating no
zeroth-order evolution in φ0 between the shock and far
downstream, such that φ∞ − 1 = O(β). We deduce that
the (µ + β) weighted integral (dark shaded region) of
φs(µ) − φ∞ is also of order β, and so j
+
∞ − j
+
s = O(β).
These conclusions provide three different perspectives on
the result p = p0 + O(β), as summarized by Eq. (71).
Conversely, a substantial modification to the spectrum
(1) would necessitate an order β0 contribution in all three
parameters: I, φs(µ)− φ∞, and j
+
∞ − j
+
s .
As the anisotropy is typically small, the isotropic com-
ponent φ0 of the PDF evolves slowly. Formally, the first
term in the expansion of the transport equation (53) in
powers of β gives ∂τφ0 = 0, seemingly implying a uniform
isotropic component (e.g., Blandford & Eichler 1987).
However, φ0 evolves over a scale τ & β
−1, and so is ap-
proximately uniform only if the PDF isotropizes within
an optical depth of order β0 from the shock. (Indeed,
the same formal argument could be invoked to argue for
a constant φ0 upstream, and would necessarily fail, for
the same reason.) Such nearby isotropization would in-
deed render φs−φ∞ = O(β), guaranteeing the spectrum
(1). To see this, integrate Eq. (53) over 0 < τ < ∞,
giving
p− p0
p0 − 1
≃ φ∞ − 1 (72)
=
d
β δφs +
β
µ+ β
∂µ
[
(1− µ2)D(µ)∂µ
∫ ∞
0
δφ dτ
]
.
As long as the angular diffusion is not far from being
isotropic, δφ decays, roughly exponentially, within τ ∼ a
few. This can be inferred, for example, from the smallest
downstream eigenvalue of the transport equation being
of order unity. For approximately isotropic diffusion, the
RHS of Eq. (72) is therefore of order β, so Eq. (71) guar-
antees that p ≃ p0.
Conversely, a substantial modification to the spectrum
(1) would necessitate a ∼ β−1 contribution to the in-
tegral in Eq. (72), corresponding to an anisotropy per-
sisting at distances τ & β−1 downstream of the shock.
Furthermore, such a substantial anisotropy must also
be present at the grazing angle, µ ≃ −β, because in-
tegrating Eq. (53) over −β < µ < 1 yields ∂τ j
+ =
−a1/γ
2. Assuming an analytic grazing-angle behavior,
either Eq. (57) or Eq. (58) imply that a1 = O(β). Hence,
a substantial contribution to j+s − j
+
∞, and therefore to
p−p0, would require the grazing anisotropy a1 to remain
of order β even at distances τ ∼ β−1.
4.4. Spectrum-modifying diffusion functions
In summary, a noticeable, order unity deviation from
the classical spectrum (1) would require the PDF
anisotropy φ1 = β δφ to have a first moment βI of or-
der β or larger, to persist at distances τ & β−1 from the
shock even near the grazing angle, and to induce down-
stream spatial variation of order β0 in the isotropic PDF
component φ0, of order β
0 in the positive and negative
fluxes j+ and j−, and thus of order β1 in Pesc(τ). It
may be a-priori unclear if there are diffusion functions
D(µ) that can in fact lead to such a behavior. However,
our numerical results, illustrated in Figure 1, indicate
that indeed, anisotropic diffusion functions can satisfy
all these criteria and yield substantial deviations from
p = p0, for an arbitrarily small β.
The figure demonstrates (bar-triangles, with a dot-
dashed line to guide the eye) that for the simple choice
Du = Dd = exp(αµ˜), the spectrum becomes exceedingly
hard — and increasingly different from p0 — as the con-
stant α become negatively large. We choose this simple
exponential form of D because it leads to a simple scal-
ing of the spectrum, approaching a function of β0.8α for
small β. Assuming that this behavior persists for arbi-
trarily small β, one can always find a sufficiently nega-
tive α that yields an order unity deviation from p0. Note
that this specific example, while useful for demonstra-
tive purposes, requires variations in D(−1 < µ < 1) that
are exponential in β−1, and so become non-physically
large in the small β limit. However, one can identify
other diffusion functions, with modest variations in D,
that nevertheless produce order unity deviations in the
spectrum.
One such family of angular diffusion functions, involv-
ing a factor ∼ β suppression of D in a narrow beam
around the forward, µ ≃ +1 direction, are sufficient for
a substantial hardening of the spectrum. Curiously, the
breakdown of standard DSA 11
PDF shows in this case an order-unity suppression inside
the beam, β δφ(µ ≃ +1) ≃ −1. This demonstrates that
locally, an order unity anisotropy is possible. Moreover,
if scattering is associated with modes driven by the accel-
erated particles themselves, it may be possible to find a
self-consistent solution for the shock structure, with en-
ergetic particles missing in the forward beam responsible
for their own suppressed diffusion and hard spectrum.
For a discussion of correlations between the PDF and
the diffusion function, and the resulting spectral changes,
see Nagar & Keshet (2019). We note that in spite of the
strong anisotropy, the mean energy gain here is still given
by Eq. (65).
5. SUMMARY AND DISCUSSION
We have shown that for a general scattering function
of particles accelerated in a non-relativistic shock, one
cannot self-consistently arrive at the standard spectral
index p0 of Eq. (1) using previous methods; namely, by
invoking the approximation of spatial diffusion on both
sides of the shock, or by a priori neglecting corrections
due to the PDF anisotropy. Requiring spatial diffusion
near the shock and continuity across it imposes the non-
trivial consistency requirement (29), so the spatial dif-
fusion term must be supplemented by streaming and
anisotropy-driven diffusion terms; see Eq. (49). Down-
stream anisotropies can be first or even zeroth order in
β, and will modify the spectrum unless 〈µφ〉 = O(β2).
Indeed, we demonstrate in Figure 1 that, in contrast to
previous claims, anisotropic scattering functions can sub-
stantially modify the spectrum, even for small-angle scat-
tering and an arbitrarily small β. It is unclear if the spec-
trum can noticeably deviate from Eq. (1) in any astro-
nomical non-relativistic shock, under the standard DSA
assumptions outlined below. Solving self-consistently for
the scattering function is beyond our present capabili-
ties, but we point out that a hard spectrum can develop
if D strongly correlates with φ (see §4.4).
We recover the standard spectrum (1) when a suitable,
−β−1u ≪ τ ≪ β
−1
d matching layer exists or when the
non-diffusive terms added in Eq. (49) are negligible; the
result p = p0+O(β) is rigorously proved for an isotropic
medium. The spectrum is directly related to the shock
front anisotropy, the downstream homogeneity, and the
lingering of anisotropy downstream, through Eqs. (46),
(47), (71), and (72), as illustrated in Figure 2. The spec-
tral index noticeably deviates from p0 if downstream,
the PDF anisotropy has a first moment, 〈µφ〉 = βI/2,
of order β or larger, persists at distances τ & β−1 from
the shock even near the grazing angle, and induces down-
stream spatial variations of order β0 in the isotropic PDF
component φ0, of order β
0 in the fluxes j+ and j−, and
thus also of order β1 in Pesc(τ).
The typical assumptions underlying such DSA studies
are quite strong, and include: (i) a non-relativistic, pla-
nar shock with a well-defined, energy-independent jump
in β over a scale much shorter than the Larmor radius
of the accelerated particles; (ii) a steady state PDF, that
can be averaged over constant z planes to yield an effec-
tive, low dimensional PDF f(z, q, qˆ); and (iii) scattering
modes stationary in the fluid frame, with slowly-varying
properties, that may be described using a similarly av-
eraged scattering function κ(z, q, qˆ, qˆ′), with a separable
angular behavior. Note that, as the scattering function
here is considered to be prescribed, the test-particle ap-
proximation is not strictly-speaking invoked.
The above assumptions could break down in many
ways, with significant consequences for the spectrum.
For example, the scattering modes could be moving with
respect to the fluid; a 1 . τ . β−1 region with dif-
ferent mode velocities would suffice to distort the spec-
trum. An energy-independent discontinuity in the mode
velocity may change the results simply by modifying the
effective value of r. However, a more complex shock
structure, which may be generated by the backreaction
of the accelerated particles, could severely modify the
spectrum, as suggested by non-linear DSA studies (e.g.,
Drury 1983; Blandford & Eichler 1987; Jones & Ellison
1991; Malkov & Drury 2001).
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